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TlapaMeTpv4Hi piBHAHHA WJIOMMHN 1 3aBaHHA ONMCy 


3 
IIOCKUX KpHBUX y upocropi KR 


The aim of this article is the application of the parametric equations of the plane for the description of plane curves in 
3 
space R . It is found a simple way of parameterization of the plane, which allows you to enter a local coordinate 


3 
system on the plane in space R_ . In this local coordinate system of equations of plane curves look easy. In the paper 
we consider the parameterization of the plane lines on the example of second-order curves. This view may be useful 
for analytical geometry and mechanics. 


Keywords: plane, curve, parametric, normal vector, plane line, the coordinate system. 


Lesr0 CTaTbi ABJIACTCA TIPHMeHeHHe MWapaMeTpuyecKix ypaBHeHHii TUIOCKOCTH JIA ONMCAaHWA WIOCKUX KPVBBIX B 


3 
TIpOCTpaHCcTBe R Haiiqeu Tpoctoit cl1oco6 TlapaMeTpv3aluu = WIOCKOCTH, KOTOpBIii TlO3BOJIACT BBCCTUH 
JIOKAJIBHYIO CHCTCMY KOOPAHHAT Ha WIOCKOCTH. B Tako JOKasIbHOM CHcTeMe KOOPAMHaT YpaBHeHHA TWIOCKUX 
KPHBBIX BBITIIALAT Tpocro. B aHHou padote paccMOTpeHa HapaMeTpu3alHaA WIOCKUX JIMHUM Ha lipumMepe 
KPUBBIX BTOPOrO TWopAyKa. 3To TIpeACTaBsICHve MOKCT OBIT MOsIe3HbIM JWIA peuieHuA 3a ad aHasIMTHueckol 
TeCOMeTpHH, MexaHikKu. 
KunoveBble CJI0Ba: IWIOCKOCTb, KpUBas, MapaMeTpH4ecKHi, HOPMAJIBHBIM BEKTOP, 


WW1OCKaxA JIMHUA, CHCTCMa KOOPNHAT. 


Ej 
Meroro cratri € 3acTOcyBaHHA MapaMeIpH4HHX PiBHAHB TWIOWMHH JVI ONMCy TWIOCKHX KpuBuX y mpocropi KR . 
3HaliqeHo TIpocTui cnociO napaMeTpu3altli MIOWIMHM, AKUM JO3BONAC BBECTH JIOKAJIbHY CHCTeMy KOOpAHHAaT Ha 
THIOWHMHI. Y Wilt JOKaIbHI CHCTeMi KOOPAHHAaT PiBHAHHA TJIOCKHX KPHBHX MalOTb pocTui Bursay. Y pooori 
posrisHyTa MapaMeTprv3allid MWIOCKHX JUHI Ha MpHKayi KpuBuX Apyroro nopsgKy. Lie noxqaHHa Moxe OyTH 
KOPHCHUM JIA BUPILWeCHHA 3aBaHb aHasITHYHO! reoMeTpii Ta MexaHiKH. 
Ks11040Bi C1OBa: MIOWMHa, KpuBa, NapaMeTpH4HHi, HOPMaJIbHU BeKTOP, MIOCKa JHA, 


CHCTe€Ma KOOpAHHayT. 
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Introduction 


The parametric equations of the plane are practically not used in the course of analytic 
geometry, but are one of the important methods of analytical description of the plane. The 
matter is that in analytical geometry exists, at least, five various representations of a plane, 
each of which solves the certain problems [1-4]. 

Using the equation of a plane passing through three given points make it easy to formu- 
late and solve the problem of the parameterization of arbitrary plane. This problem is a particular 


case of the parameterization of a smooth surface of arbitrary shape in space R vIn general, 
this problem is discussed in the section of differential geometry involving apparatus of differen- 
tial calculus [5-6]. 

In turn, not involving such complex concepts as the first, second quadratic forms, the 
description of plane curves in Cartesian coordinates can be solved by means of vector algebra. 
This approach is made available to a wider audience, not only for specialists in differential 
geometry. 

The aim is a simple way of introducing the parametric equations of the plane and the 


parametric method of describing plane curves in space R . This paper gives examples of 
second-order curves. Their description in the local coordinate system is very simple. Their 
equations have the canonical form. 


1 Parametric representation of the equation of a plane 


The parametric equations of the plane are most easily obtained from the equation of 
the plane through three given points that do not lie on a straight line 


M,%o2Vo1rZ0)» Vi (V2), M3 (%3,¥3523)- 


Let the point M (x,),z) be an arbitrary point in the plane. Then three vectors are coplanar (Fig. 1). 


MM x Xos¥ Voz z,} 
M,M, 1%, XV —Yoo% Zo} 
M,.M, = o Xo>V2 ~ Vor z,} 


II 


II 


X 


Fig.1 — Derivation of parametric equations of the plane 


The mixed product of any coplanar vectors is zero, i.e. M,M-M,M, xM_.M, =0. 
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Using the coordinates this condition can be written as the determinant 
X-X, Y-Y, 27-Z, 
x — Xx Yi — No 2,;— 2, =0- 


oO 


Xx, —X, y27— Vo 2,2, 


Let us denotes, (/,,7,1,) =(% —%,5¥) —VosZ — Zo) > 82 (Loy 5My) = (Xp —Xy5 V2 — YorZa — Zo) + 
According to the notation, we write the determinant 


X-X, V-y, 2-2 


(2) 


, a &% 0 (1) 


(2) 


Equality to zero of a determinant means, that its lines (or columns), and in this case 
lines, are proportional. This fact means, that, for example, the first line of a determinant (1) 
is a linear combination of the other two with some coefficients a and £ 


x —x, =al,+ fl,, x =x, tal, + Bl,, 
y —y, =am,+ Bpm,,—> y =y, tam, + Bm, (2) 
Z =z, >on, + Bn, Zz =2, +0n,+ Bn,. 


In the vector form we have the simple equality 

r=r,+as,+Ps,. (3) 
Here a and # are parameters of the plane, and the equations (2) and (3) are called the para- 
metric equations of the plane. 


2 The geometric meaning of the parametric equations 
of the plane 

Explain the geometric meaning of the parametric equations of the plane. For this we 
construct vectors s, and s, in the plane P and take into account that the point MW, corresponds 
to the value of parameters a = 8 =0.If a = 6 =1 the point V/, is at the top of the parallelogram 
formed by the vectors s, and s, (Fig. 2). The further scenario consists in that, at the any fixed 
values of parameters a and f vectors S$, and $s, are “extended” accordingly in a and f ti- 
mes (ifa >1, 8 >1) or “shortened” ina and B times (ifa <1, B <1), and directed opposite 
at negative values of parameters a <0 u <0. Since the values of the parameters —0 < @ <0 


and —«< #<c are independent from each other, then the vectorr runs through all points 
of the plane P . 


Fig. 2 — Geometrical meaning of the parametrical equations of a plane 
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From the above arguments follows, if parameters a and B will be connected among 
themselves by functional dependence the vectorr will describe some flat line Z onthe plane P . 
Let's consider the simplest case when parameters are equala = 8 =t . The equation (3) 
will become 
r=r,+st, S=S,+5s,. (4) 
These are the parametrical equations of the straight line which is passing through the 
point M/, with the directed vectors =s, +S, . Let's pay attention to the vectorss, ands, , which 
allow you to orient any straight line in a plane in any desired direction. 


e e e 3 
3. Parametric representation of plane curves in space R 


A choice of the vectors s, and s, is simple. They should not be collinear. 


It is convenient to choose vectors s, and s, perpendicular each others, 1 s,. In that case, 
2 2 2 2 

for example, the ellipse equation = + a =| will be ~ = y _ =|. Let’s consider a parametrical 
a Ss; S, : 


form x = ls,|cosz, y= ls,|sin t, O<t<2z. Using (3), we find representation of an ellipse 


centered at the point M, and semi axes s, =a, 


s,|=5 and the normal vector n=s, xs, in the 


space R°. 
r=r,+e,acost+e,bsint, (5) 


where e, =S, /\s,| -e@,=S, /\s,| are mutual perpendicular unit vectors. 


X 


Fig. 3 — Presentation of an ellipse in space 


Here are more examples of other second order curves. Parameterize the equation of 
2 


2 
the hyperbola = a =1 believing a= s, 
a 


; b=|s,| and x =|s,|cht, y=|s sve, =< 1 < cc, 


As a result we have 
r=r,+e,acht+e,bsht, (6) 


In the case of a parabola y = 2px suppose xX = sty = pt. 


ran, te, 50 be,pt. (7) 
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In the polar coordinate system x = pcos gy, y= psing, therefore 
r=r,+ pee, cosp+e, sing). (8) 


Put the point V/, in the right focus curve of the second order (ellipse, hyperbole or parabola). 


Then the equations of curves of the second order in the polar coordinate system will be 
of the form 
r=r, jo F © cos@+e, sin 9), (9) 
l—ecos@p 
where «€ is the eccentricity of a second order curve. At ¢ <1 we have an ellipse, at ¢ >1 - 
the right branch a hyperbole (for the left branch of a hyperbole in the general equation (8) 


should be put p = —— P 


+), at e = 1 we have a parabola, p is the parameter of the curve 
1+éecoso 


of the second order (9). In particular, the equation of a circle of radius R is obtained from 
the general equation (8) if we seto =R. 


r=r,+R(e,cose+e, sing). 


4 Other representations of parametric equations of the plane 


Let's build a local basis of mutually perpendicular unit vectors e, and e, ona given plane. 
Then equation (3) takes the form 


r=r,+ae,+ Be,. (10) 


The scalar multiplication of the vectors e,,e, is satisfied to the equalities e,-e, =0 
ande,-e, =e,-e, =1. Then the scalar multiplication of the vectors e,,e, by the equation (10) 
gives the system of the equations 


f ‘(r-r,) =a 
e,-(r-1,)=B. 

We summarize both equalities and denotea+ (=t. Then we get a one-parameter 
vector equation of a plane(e,+e,)-(r—r,)=¢, which corresponds to a family of the 
parametrical equations of straight lines in the perpendicular direction to the vectore, +e, . 

Vector multiplication of the vectors e,,e, is satisfied to the equalities e, xe, =e, =n 


ande, xe, =e, xe, = 0. Then the vector multiplication of the vectors e,,e, by the equation 
(10) gives the next vector system of the equations 


e, x(r—-r,) =—om 
e, x(r—r,) = fn 


We summarize both the last equalities and denote—a+f=t. Then we get another 


one-parameter vector equation of a plane(e, +e,)x(r—r,)=mM. 
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We can exclude the parameter ¢ using the triple vector multiplication of the 
vectorsnx(e,+e,)x(r—r,). According to the formula axbxec=b(a-c)—c(a-b) we 


obtainnx(e, +e,)x(r—r,) =mxn=0>(e, +e, )(n-(r—r,)))—@—-¥, (me, +€,))=9. 
Nown  (e,+e,), therefore n-(e,+e,)=0 ande,+e, #0. As a result we have the 


equationn:-(r—r,)=0. This is well-known equation of a plane. In the coordinate 
representation the equality looks like 


A(x—x,)+Bly—y,)+C(z—z,)=0. 
Findings 


1. The simple way of introduction of the parametrical equations of a plane is offered. 
2. The effective way of the description of plane curves in space is offered. 
3. Results of the work are approved on curves of the second order. 
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